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9 Stochastic Differential Equation

Exercise 9.1. Let (Q,F,(F;),P,B) be a filtered probability space carrying a real Brownian
motion (B;)i>o started from 0. Let ¢ and b be Borel functions on R such that, for M, K > 0 it
holds: for all z,y € R,

lo(@)| <M, <M, o) —oy)| <Klz—yl, [b(z)=0by) < Klz-yl.

Fix z € R, and let (X;);>0 be the unique solution of

t t
Xt:a;—i-/ a(XS)dBS—i—/ b(X,)ds .
0 0

For n > 1, define the Euler scheme (X}");>0 by X = x and
XP = X+ 0(X0)(Bi = Big) + 6(X00) (£ — k) , ¢ € o/, (5 + 1) /) .

Also define

T

n_ Nk
s = Z n ]l[k/n,(k-&-l)/n)(s) .
k=0

(1) Show that

t t
X =z +/ o(X7n)dBs +/ b(XTn)ds .
0 0
(2) Show that there exists a constant A > 0 such that

E[(Xf - Xftn)ﬂ L4

-, Vte[0,1], Vn>1.
n

(3) Show that for every n > 1 and every t € [0, 1],
t
E[(X; — X)?] < 4K2/ E{(Xs - X;@)ﬂ ds .
0 s

Then prove that
E[(X: — X{")?] <8K? /OtE[(XS — X)?]ds+ w ,
and deduce that there exists a constant C; > 0 such that
LG

sup E[(X; — X;")?] < ) Vn>1.
te[0,1] n

(4) Show that there exists a constant Co > 0 such that for every bounded continuously differen-

tiable function f,
EL(XP) — FON < 1l jﬁ Va1

Exercise 9.2. Let (B¢),5, be a standard (F¢)-Brownian motion.



(1) Show that there exists a continuous adapted process (X¢),~ such that

¢ ¢
1 1
X:1+/ st—f/Xsds, £>0.
! o (T+s)(1+[X]) 2 Jo

(2) Show that (X¢),5, is adapted to the canonical filtration of (By),-
(3) Define

X; = sup |X4|.
s€[0,t]

Show that E[(X{)?] < oo. Then, by considering the shifted process Xj.: — Xi, show that
E[(X3)?] < co. Deduce that

E[(X})?] < oo for every t > 0.
(4) Let
Y, =014 X2),  t>0.

Show that (Y3):>0 is a supermartingale with respect to (F¢)¢>0. Deduce that lim; , Y; exists
almost surely and is almost surely finite.

(5) Show that lim;_, | X¢| exists almost surely.

(6) By considering the finite-variation part of (¥;)¢>0, show that

(o)
/ X2%ds < o0 a.s.
0

(7) Show that

liminf | X, =0 a.s.
t—00
and deduce that
lim X; =0 a.s.
t—o0



Solutions

Solution to Exercise 9.1

(1) By construction, on each interval [%, %), the process X™ satisfies

k

X = Xy + o) (B = Buga) 0063 (1= 2

Since 77" = £ for s € [ﬁ w) summing over the successive intervals gives
S n n’ n )

¢ ¢
X{ =z +/ o(X7n)dBs +/ b(XTn)ds .
0 0
(2) Fix t € [0,1] and let k be such that £ <t < ££L Then

k
XP = Xty = o (X3) (B = Bun) + XD (1= %)

Using (u + v)? < 2u? + 202, the bound |o| V [b] < M, and E[(B, — By,,)?] =t — £ <

2
E[(Xt" - Xftn)‘z} < 2M?E[(B, — Byn)?] + 2M? (t -

S|
N——

2M?%  2M?  4M?
< + .

n n? n
So the claim holds with A = 4M?2.
(3) Subtracting the equations for (X),5, and X" gives

Xt—Xt”:/O (U(XS)—U(X%))dBS—i—/O (b(X.) — b(X™)) ds

Using (u + v)? < 2u? + 202, 1t6’s isometry, Cauchy—Schwarz, and ¢ < 1, we obtain

(f (o) — o(X1)) a.)

([ w0 —otxzas) ]

< Q/OtE[(a(XS) . U(X;},))?} ds

2
E[(X, - X}')?] < 2E

+2E

+ ot /OtE[(b(Xs) - b(ngL))ﬂ ds

< 4K? /tIE{(XS - stn)ﬂ ds .
0

Next,
XS_X'[T-ZL = (XS_X;L)+(X;l_X:-l?)7
SO
(Xe = X2)? <2(X, — X2 +2(X] — X202
Hence

E[(X, — X")?] < 8K> /tIE[(Xs — X7)?] ds + 8K> /t IE[(XQ - Xf:)ﬂ ds .
0 0



By part 2,

4M?
B[(x2 - x5,)?] < :
s n
therefore . or o
32K°M
E[(X, — X")?’] < 8K2/ E[(X, — X)?*]ds + ——— .
0
Set
un(t) = E[(X; — X7)?] .
Then . r o
2K*M
un(t) < 8K2/ Un(s)ds + S2K7M7 .
0
By Gronwall’s lemma,
32K2M? C
un(t) S 768}(22& S 715 te [07 1] ’

n n

for some constant C7 > 0 independent of n.

(4) Let f be bounded and continuously differentiable. By the mean value theorem,
IFOXT) = FXD)] < 1 Nloo XT — Xa]
Taking expectations and applying Cauchy—Schwarz,
ELF(XT) = FXD)] < 1 oo BIXT = X1 ] < [1f oo BIXT — X2)%)2.

Using part 3 at time ¢t =1,
E[(XT — X1)?] <

7

Cy
n
hence

Vi

BLAXT) = D] < 1 1loo N

This proves the claim with Cy = /(1.

Solution to Exercise 9.2

(1) Consider the coefficients

1 1
o(t,z) = Aroa+ ) and  b(t,x) = —3%-

The drift b is globally Lipschitz in x, and the diffusion coefficient o is continuous in (¢,z) and
globally bounded. Moreover, for every fixed ¢, the map = — o(t,x) is globally Lipschitz, since
’ 1 1

——  — | < |z—y.
T4 1+|y|‘—' vl

Therefore the standard existence and uniqueness theorem for SDEs yields a unique strong solution
to

t t
thl—i—/ U(S,Xs)st—l—/ b(s, Xs)ds |
0 0

which is exactly the required equation.



(2) Since the coefficients are non-anticipative and the equation admits a unique strong solution,
the solution is measurable with respect to the Brownian path up to time ¢. Hence (X),-, is
adapted to the canonical filtration of (B;),~- B

(3) We first consider the interval [0,1]. From the equation,

1 t
Xt:1+Mt_7 Xst,

2 Jo
where
t 1
M,; = dB; .
' /0 1+s) (14X 7
Thus

X <14 sup |Ms|+ /X*du
s€[0,t]

By Gronwall’s lemma,

X7 §C<1+ sup |MS|>

s€[0,1]

sup M2 ) .
s€[0,1]
By Doob’s inequality,

1 1
1 1
E| sup |M,|?| <4E[(M 4E[/ ds}§4/ ——ds<o0.
Le[0,1]| '] ] o (L4 s2(1+ X2 o (1+s)

Hence E[(X7)?] < oo.

Now consider the shifted process

for some deterministic constant C. Therefore

E[(X})?) < C (1 +E

X; = X144, t>0.

Then, for t € [0,1],

1 1 1+t

. 1+t
X, — X, = dBs — = X,ds.
o / 1+ 8)(1+ X)) 2 J,

Exactly the same argument on [1, 2] shows that
E| sup |X; — X1*| < .
te(l,2]
Since E[X?] < oo, it follows that E[(X3)?] < cc.
Repeating the argument on each interval [k, k + 1] yields

E[(X])?] < o0 for every t > 0.

(4) Apply It6’s formula to X7:
d(X?) = 2X; dX; + d(X); .

Since 1 1
dX, = —— —  _dB, — - X, dt
T a0+ X)) 27



and

1
d({X); = dt
W= e e e
we get
2X, 1
dX)= —" 4B, — X2dt+ dt .
(X¢) e (14 1)2(1 + | Xy|)2
Now set
¥, = /00 (1 4 X2) .
Since 1 /()
/a4
dt (1+1)27
1t6’s formula gives
ol/(14)
dy; = et/(+) d(X?) — m(l + X2)dt
261/(1+t)Xt B
IRCEE () R
1 1+ X?
Vs x? - Llde .
e A o) R e
Since 1
— <1,
(1+ |z[)?
the drift satisfies
1 1+ X? X?
X2 4 - L < X2t <y
U421+ X)) +12 T T (42 T

Hence (Y;)¢>0 is a supermartingale.

Since Y; > 0, the supermartingale convergence theorem implies that

lim Y;

t—o0

exists almost surely and is finite almost surely.
(5) Since
A —— ast — oo,

and
Y, = (1 4 XP),

the almost sure convergence of Y; implies the almost sure convergence of 1 + X?, hence of X?.
Therefore
t—o0

exists almost surely.

(6) From the computation in part 4, we can write
Yi=Yo+ Nt — A,

where N is a local martingale and

¢ 1+ X2 1
Ay = [ e/ [XQ + s — ds
' /0 T+ (1)1 + X))




is increasing.

Since Y; converges almost surely and is nonnegative, its finite-variation part must remain finite
as t — oo. In particular,

/ e+ X245 < 00 a.s.
0

Because e!/(115) > 1 we deduce that
o0
/ X2%ds < o0 a.s.
0
(7) Suppose that on an event of positive probability,
liminf | X =¢>0.
t—o00

Then there exist € > 0 and T' < oo such that on this event,

| X:| > e forallt > T .

/ stdsz/ €2ds:oo7
T T

This would imply

contradicting part 6. Therefore

liminf |X;| =0 a.s.
t—o0
By part 5, the limit
t—o00

exists almost surely. Since its liminf is 0, the limit itself must be 0. Hence

lim | X;] =0 a.s.
t—o0
and therefore
lim X; =0 a.s.
t—o0




