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9 Stochastic Differential Equation

Exercise 9.1. Let (Ω,F , (Ft),P, B) be a filtered probability space carrying a real Brownian
motion (Bt)t≥0 started from 0. Let σ and b be Borel functions on R such that, for M,K ≥ 0 it
holds: for all x, y ∈ R,

|σ(x)| ≤ M , |b(x)| ≤ M , |σ(x)− σ(y)| ≤ K|x− y| , |b(x)− b(y)| ≤ K|x− y| .

Fix x ∈ R, and let (Xt)t≥0 be the unique solution of

Xt = x+

Z t

0

σ(Xs) dBs +

Z t

0

b(Xs) ds .

For n ≥ 1, define the Euler scheme (Xn
t )t≥0 by Xn

0 = x and

Xn
t = Xn

k/n + σ(Xn
k/n)(Bt −Bk/n) + b(Xn

k/n) (t− k/n) , t ∈ [k/n, (k + 1)/n) .

Also define

τns =

∞X

k=0

k

n
�[k/n,(k+1)/n)(s) .

(1) Show that

Xn
t = x+

Z t

0

σ(Xn
τn
s
) dBs +

Z t

0

b(Xn
τn
s
) ds .

(2) Show that there exists a constant A > 0 such that

E
h
(Xn

t −Xn
τn
t
)2
i
≤ A

n
, ∀t ∈ [0, 1] , ∀n ≥ 1 .

(3) Show that for every n ≥ 1 and every t ∈ [0, 1],

E
�
(Xt −Xn

t )
2
�
≤ 4K2

Z t

0

E
h
(Xs −Xn

τn
s
)2
i
ds .

Then prove that

E
�
(Xt −Xn

t )
2
�
≤ 8K2

Z t

0

E
�
(Xs −Xn

s )
2
�
ds+

32K2M2

n
,

and deduce that there exists a constant C1 > 0 such that

sup
t∈[0,1]

E
�
(Xt −Xn

t )
2
�
≤ C1

n
, ∀n ≥ 1 .

(4) Show that there exists a constant C2 > 0 such that for every bounded continuously differen-
tiable function f ,

|E[f(Xn
1 )− f(X1)]| ≤ ∥f ′∥∞

C2√
n
, ∀n ≥ 1 .

Exercise 9.2. Let (Bt)t≥0 be a standard (Ft)-Brownian motion.

1



(1) Show that there exists a continuous adapted process (Xt)t≥0 such that

Xt = 1 +

Z t

0

1

(1 + s)(1 + |Xs|)
dBs −

1

2

Z t

0

Xs ds, t ≥ 0 .

(2) Show that (Xt)t≥0 is adapted to the canonical filtration of (Bt)t≥0.

(3) Define
X∗

t = sup
s∈[0,t]

|Xs| .

Show that E[(X∗
1 )

2] < ∞. Then, by considering the shifted process X1+t − X1, show that
E[(X∗

2 )
2] < ∞. Deduce that

E[(X∗
t )

2] < ∞ for every t ≥ 0 .

(4) Let
Yt = e1/(1+t)(1 +X2

t ), t ≥ 0 .

Show that (Yt)t≥0 is a supermartingale with respect to (Ft)t≥0. Deduce that limt→∞ Yt exists
almost surely and is almost surely finite.

(5) Show that limt→∞ |Xt| exists almost surely.

(6) By considering the finite-variation part of (Yt)t≥0, show that

Z ∞

0

X2
s ds < ∞ a.s.

(7) Show that
lim inf
t→∞

|Xt| = 0 a.s.

and deduce that
lim
t→∞

Xt = 0 a.s.
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Solutions

Solution to Exercise 9.1

(1) By construction, on each interval
�
k
n ,

k+1
n

�
, the process Xn satisfies

Xn
t = Xn

k/n + σ(Xn
k/n)(Bt −Bk/n) + b(Xn

k/n)

�
t− k

n

�
.

Since τns = k
n for s ∈

�
k
n ,

k+1
n

�
, summing over the successive intervals gives

Xn
t = x+

Z t

0

σ(Xn
τn
s
) dBs +

Z t

0

b(Xn
τn
s
) ds .

(2) Fix t ∈ [0, 1] and let k be such that k
n ≤ t < k+1

n . Then

Xn
t −Xn

τn
t
= σ(Xn

k/n)(Bt −Bk/n) + b(Xn
k/n)

�
t− k

n

�
.

Using (u+ v)2 ≤ 2u2 + 2v2, the bound |σ| ∨ |b| ≤ M , and E[(Bt −Bk/n)
2] = t− k

n ≤ 1
n , we get

E
h
(Xn

t −Xn
τn
t
)2
i
≤ 2M2 E

�
(Bt −Bk/n)

2
�
+ 2M2

�
t− k

n

�2

≤ 2M2

n
+

2M2

n2
≤ 4M2

n
.

So the claim holds with A = 4M2.

(3) Subtracting the equations for (Xt)t≥0 and Xn gives

Xt −Xn
t =

Z t

0


σ(Xs)− σ(Xn

τn
s
)
�
dBs +

Z t

0


b(Xs)− b(Xn

τn
s
)
�
ds .

Using (u+ v)2 ≤ 2u2 + 2v2, Itô’s isometry, Cauchy–Schwarz, and t ≤ 1, we obtain

E
�
(Xt −Xn

t )
2
�
≤ 2E

"�Z t

0

(σ(Xs)− σ(Xn
τn
s
)) dBs

�2
#

+ 2E

"�Z t

0

(b(Xs)− b(Xn
τn
s
)) ds

�2
#

≤ 2

Z t

0

E
h
(σ(Xs)− σ(Xn

τn
s
))2
i
ds

+ 2t

Z t

0

E
h
(b(Xs)− b(Xn

τn
s
))2
i
ds

≤ 4K2

Z t

0

E
h
(Xs −Xn

τn
s
)2
i
ds .

Next,
Xs −Xn

τn
s
= (Xs −Xn

s ) + (Xn
s −Xn

τn
s
) ,

so
(Xs −Xn

τn
s
)2 ≤ 2(Xs −Xn

s )
2 + 2(Xn

s −Xn
τn
s
)2 .

Hence

E
�
(Xt −Xn

t )
2
�
≤ 8K2

Z t

0

E
�
(Xs −Xn

s )
2
�
ds+ 8K2

Z t

0

E
h
(Xn

s −Xn
τn
s
)2
i
ds .
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By part 2,

E
h
(Xn

s −Xn
τn
s
)2
i
≤ 4M2

n
,

therefore

E
�
(Xt −Xn

t )
2
�
≤ 8K2

Z t

0

E
�
(Xs −Xn

s )
2
�
ds+

32K2M2

n
.

Set
un(t) = E

�
(Xt −Xn

t )
2
�
.

Then

un(t) ≤ 8K2

Z t

0

un(s) ds+
32K2M2

n
.

By Gronwall’s lemma,

un(t) ≤
32K2M2

n
e8K

2t ≤ C1

n
, t ∈ [0, 1] ,

for some constant C1 > 0 independent of n.

(4) Let f be bounded and continuously differentiable. By the mean value theorem,

|f(Xn
1 )− f(X1)| ≤ ∥f ′∥∞|Xn

1 −X1| .

Taking expectations and applying Cauchy–Schwarz,

|E[f(Xn
1 )− f(X1)]| ≤ ∥f ′∥∞ E[|Xn

1 −X1|] ≤ ∥f ′∥∞ E[(Xn
1 −X1)

2]1/2 .

Using part 3 at time t = 1,

E[(Xn
1 −X1)

2] ≤ C1

n
,

hence

|E[f(Xn
1 )− f(X1)]| ≤ ∥f ′∥∞

√
C1√
n

.

This proves the claim with C2 =
√
C1.

Back to Exercise 9.1

Solution to Exercise 9.2

(1) Consider the coefficients

σ(t, x) =
1

(1 + t)(1 + |x|) and b(t, x) = −1

2
x .

The drift b is globally Lipschitz in x, and the diffusion coefficient σ is continuous in (t, x) and
globally bounded. Moreover, for every fixed t, the map x 7→ σ(t, x) is globally Lipschitz, since

����
1

1 + |x| −
1

1 + |y|

���� ≤ |x− y| .

Therefore the standard existence and uniqueness theorem for SDEs yields a unique strong solution
to

Xt = 1 +

Z t

0

σ(s,Xs) dBs +

Z t

0

b(s,Xs) ds ,

which is exactly the required equation.
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(2) Since the coefficients are non-anticipative and the equation admits a unique strong solution,
the solution is measurable with respect to the Brownian path up to time t. Hence (Xt)t≥0 is
adapted to the canonical filtration of (Bt)t≥0.

(3) We first consider the interval [0, 1]. From the equation,

Xt = 1 +Mt −
1

2

Z t

0

Xs ds ,

where

Mt =

Z t

0

1

(1 + s)(1 + |Xs|)
dBs .

Thus

X∗
t ≤ 1 + sup

s∈[0,t]

|Ms|+
1

2

Z t

0

X∗
u du .

By Gronwall’s lemma,

X∗
1 ≤ C

 
1 + sup

s∈[0,1]

|Ms|
!

for some deterministic constant C. Therefore

E[(X∗
1 )

2] ≤ C

 
1 + E

"
sup

s∈[0,1]

|Ms|2
#!

.

By Doob’s inequality,

E

"
sup

s∈[0,1]

|Ms|2
#
≤ 4E[⟨M⟩1] = 4E

�Z 1

0

1

(1 + s)2(1 + |Xs|)2
ds

�
≤ 4

Z 1

0

1

(1 + s)2
ds < ∞ .

Hence E[(X∗
1 )

2] < ∞.

Now consider the shifted process

eXt = X1+t, t ≥ 0 .

Then, for t ∈ [0, 1],

eXt −X1 =

Z 1+t

1

1

(1 + s)(1 + |Xs|)
dBs −

1

2

Z 1+t

1

Xs ds .

Exactly the same argument on [1, 2] shows that

E

"
sup

t∈[1,2]

|Xt −X1|2
#
< ∞ .

Since E[X2
1 ] < ∞, it follows that E[(X∗

2 )
2] < ∞.

Repeating the argument on each interval [k, k + 1] yields

E[(X∗
t )

2] < ∞ for every t ≥ 0 .

(4) Apply Itô’s formula to X2
t :

d(X2
t ) = 2Xt dXt + d⟨X⟩t .

Since

dXt =
1

(1 + t)(1 + |Xt|)
dBt −

1

2
Xt dt
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and

d⟨X⟩t =
1

(1 + t)2(1 + |Xt|)2
dt ,

we get

d(X2
t ) =

2Xt

(1 + t)(1 + |Xt|)
dBt −X2

t dt+
1

(1 + t)2(1 + |Xt|)2
dt .

Now set
Yt = e1/(1+t)(1 +X2

t ) .

Since
d

dt
e1/(1+t) = − e1/(1+t)

(1 + t)2
,

Itô’s formula gives

dYt = e1/(1+t) d(X2
t )−

e1/(1+t)

(1 + t)2
(1 +X2

t ) dt

=
2e1/(1+t)Xt

(1 + t)(1 + |Xt|)
dBt

+ e1/(1+t)

�
−X2

t +
1

(1 + t)2(1 + |Xt|)2
− 1 +X2

t

(1 + t)2

�
dt .

Since
1

(1 + |x|)2 ≤ 1 ,

the drift satisfies

−X2
t +

1

(1 + t)2(1 + |Xt|)2
− 1 +X2

t

(1 + t)2
≤ −X2

t − X2
t

(1 + t)2
≤ 0 .

Hence (Yt)t≥0 is a supermartingale.

Since Yt ≥ 0, the supermartingale convergence theorem implies that

lim
t→∞

Yt

exists almost surely and is finite almost surely.

(5) Since
e1/(1+t) −→ 1 as t → ∞ ,

and
Yt = e1/(1+t)(1 +X2

t ) ,

the almost sure convergence of Yt implies the almost sure convergence of 1 + X2
t , hence of X2

t .
Therefore

lim
t→∞

|Xt|

exists almost surely.

(6) From the computation in part 4, we can write

Yt = Y0 +Nt −At ,

where N is a local martingale and

At =

Z t

0

e1/(1+s)

�
X2

s +
1 +X2

s

(1 + s)2
− 1

(1 + s)2(1 + |Xs|)2
�
ds
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is increasing.

Since Yt converges almost surely and is nonnegative, its finite-variation part must remain finite
as t → ∞. In particular, Z ∞

0

e1/(1+s)X2
s ds < ∞ a.s.

Because e1/(1+s) ≥ 1, we deduce that

Z ∞

0

X2
s ds < ∞ a.s.

(7) Suppose that on an event of positive probability,

lim inf
t→∞

|Xt| = ℓ > 0 .

Then there exist ε > 0 and T < ∞ such that on this event,

|Xt| ≥ ε for all t ≥ T .

This would imply Z ∞

T

X2
s ds ≥

Z ∞

T

ε2 ds = ∞ ,

contradicting part 6. Therefore
lim inf
t→∞

|Xt| = 0 a.s.

By part 5, the limit
lim
t→∞

|Xt|

exists almost surely. Since its liminf is 0, the limit itself must be 0. Hence

lim
t→∞

|Xt| = 0 a.s.

and therefore
lim
t→∞

Xt = 0 a.s.

Back to Exercise 9.2
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