DAYy 3. INTRO TO MACHINE LEARNING. EMINES.

GRADIENT DESCENT ALGORITHMS

EXERCISE 1 (GRADIENT DESCENT UNDER L-SMOOTH ASSUMPTION) Let f be convex and L-
smooth on R?. We assume that the minimum of f is attained at 2*. Then, we will show that the gradient
descent algorithm with n = + satisfies

N 2L ||z — 2*
Flao) — 1) < 2T
We first assume that we are able to prove that ||xs — z*|| is decreasing.
1. Show that f(z.11) — f(z.) < =3 [IVf(2)lI.
2. Define 6, = f(xs) — f(x*). Show that ds < ||zs — 2*| - |V f(zs)]|.
3. Deduce that 0,11 — 65 < — 57502

2L ||z —z* |78

1 1
4. Deduce that 5o +5 < ~ 5 and conclude.

We now show that ||xs — z*|| is decreasing.
5. Show that for any z,y € R?, f(x) = f(y) < (Vf(2),z —y) — 5 IV f(z) = VI(®)[*.
6. Using this inequality with £ = =, and y = z*, deduce that ||z — z*|| is decreasing

EXERCISE 2 (PRELIMINARIES ON CONVEX ANALYSIS) Let f:R% — R be a convex function and
C C R? be a closed convex set. Denote by mex = argmin, cq||z — ul|? the projection of = onto the convex set

C.
1. Prove that forallu e Cand 0 <t <1, ||z — (tu + (1 — t)mc2)||> = ||z — me2||??

2. Deduce from the previous question that

(u—Tmez,z—mez) <0 and ||lmez — 2|2 + |Ju — mez||? < |ju — 2|

3. Assume that f is differentiable and convex. For any x,h € R% and ¢ € [0, 1], define
F(t)= f(x +th).
Prove that F'(1) — F(0) > F'(0) and conclude that for all z,y € R,
fly) = f(@) = (V(x),y — ).

EXERCISE 3 (CONVERGENCE RATES FOR STRONGLY CONVEX FUNCTIONS)  When the function f
is strongly convex, then the PGD converges much faster. Assume that f is a-strongly convex :

F(@) = £(y) < (Vf(@),2 = y) = Sz =yl (1)
and that V f is 8-Lipschitz. The aim of this section is to prove that, for n = 1/8,
241 = 2*[|* < floy — a2 e
with p = o/ 3. Define
g (o= melo— L9 |

The key of the proof is to obtain that, for all (z,y) € C2,
1 «
f ™) = fly) <{g(a),x —y) - ﬁllg(w)ll2 —gllz = yllI” (2)

where 2t = mc(x — BTV f(2)).



. Assume first that (2) holds. Prove the following (in)equalities :

lsr = 2*||* = |z — 2*|* ~ E(Q(wk)wk — ")+ @Ilg(ﬂck)ll2 ;

< (1= p)llan — 2| < ey — 2|

. It remains to prove (2). First, show that
! B
) = f@) = [ (Vfe+tly—a)y—a)dt < (Tf)y )+ 5lu—alt. @)

. Remind that 2t = m¢(z — %Vf(x)) Using (1) and (3), check that

B

F@t) = fy) < (VH@)a* = a) + Sllat = ol +(Vf@)o - ) - Sly -l

. With Exercice 2 Question 2, prove that (Vf(z), 2" —y) < (g(x), 2" —y) forall y € C.

5. Conclude that

Fa) = £0) < {gla)at =) + g5lo@) = Sy - =P

I

= {gla)z —1) = 55ll9@I* = Sy — ol



