
Day 3. Intro to Machine Learning. Emines.

Gradient descent algorithms

Exercise 1 (Gradient descent under L-smooth assumption) Let f be convex and L-
smooth on Rd. We assume that the minimum of f is attained at x∗. Then, we will show that the gradient
descent algorithm with η = 1

L satisfies

f(xt)− f(x∗) ⩽
2L ∥x1 − x∗∥

t− 1

We first assume that we are able to prove that ∥xs − x∗∥ is decreasing.

1. Show that f(xs+1)− f(xs) ⩽ − 1
2L ∥∇f(xs)∥2.

2. Define δs = f(xs)− f(x∗). Show that δs ⩽ ∥xs − x∗∥ · ∥∇f(xs)∥.
3. Deduce that δs+1 − δs ⩽ − 1

2L∥x1−x∗∥2 δ2s

4. Deduce that − 1
δs+1

+ 1
δs

⩽ − 1
2L∥x1−x∗∥2 and conclude.

We now show that ∥xs − x∗∥ is decreasing.

5. Show that for any x, y ∈ Rd, f(x)− f(y) ⩽ ⟨∇f(x), x− y⟩ − 1
2L ∥∇f(x)−∇f(y)∥2.

6. Using this inequality with x = xs and y = x∗, deduce that ∥xs − x∗∥ is decreasing

Exercise 2 (Preliminaries on convex analysis) Let f : Rd → R be a convex function and
C ⊂ Rd be a closed convex set. Denote by πCx = argminu∈C∥x−u∥2 the projection of x onto the convex set
C.

1. Prove that for all u ∈ C and 0 < t < 1, ∥z − (tu+ (1− t)πCz)∥2 ⩾ ∥z − πCz∥2 ?
2. Deduce from the previous question that

⟨u− πCz, z − πCz⟩ ⩽ 0 and ∥πCz − z∥2 + ∥u− πCz∥2 ⩽ ∥u− z∥2.

3. Assume that f is differentiable and convex. For any x, h ∈ Rd and t ∈ [0, 1], define

F (t) = f(x+ th) .

Prove that F (1)− F (0) ⩾ F ′(0) and conclude that for all x, y ∈ Rd,

f(y)− f(x) ⩾ ⟨∇f(x), y − x⟩.

Exercise 3 (Convergence rates for strongly convex functions) When the function f
is strongly convex, then the PGD converges much faster. Assume that f is α-strongly convex :

f(x)− f(y) ⩽ ⟨∇f(x), x− y⟩ − α

2
∥x− y∥2 (1)

and that ∇f is β-Lipschitz. The aim of this section is to prove that, for η = 1/β,

∥xK+1 − x∗∥2 ⩽ ∥x1 − x∗∥2 e−ρK ,

with ρ = α/β. Define

g : x 7→ β

(
x− πC(x− 1

β
∇f(x))

)
.

The key of the proof is to obtain that, for all (x, y) ∈ C2,

f
(
x+

)
− f(y) ⩽ ⟨g(x), x− y⟩ − 1

2β
∥g(x)∥2 − α

2
∥x− y∥2 , (2)

where x+ = πC(x− β−1∇f(x)).
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1. Assume first that (2) holds. Prove the following (in)equalities :

∥xk+1 − x∗∥2 = ∥xk − x∗∥2 − 2

β
⟨g(xk), xk − x∗⟩+ 1

β2
∥g(xk)∥2 ,

⩽ (1− ρ)∥xk − x∗∥2 ⩽ e−ρk∥x1 − x∗∥2.

2. It remains to prove (2). First, show that

f(y)− f(x) =

∫ 1

0

⟨∇f(x+ t(y − x)), y − x⟩ dt ⩽ ⟨∇f(x), y − x⟩+ β

2
∥y − x∥2 . (3)

3. Remind that x+ = πC(x− 1
β∇f(x)). Using (1) and (3), check that

f(x+)− f(y) ⩽ ⟨∇f(x), x+ − x⟩+ β

2
∥x+ − x∥2 + ⟨∇f(x), x− y⟩ − α

2
∥y − x∥2 .

4. With Exercice 2 Question 2, prove that ⟨∇f(x), x+ − y⟩ ⩽ ⟨g(x), x+ − y⟩ for all y ∈ C.

5. Conclude that

f(x+)− f(y) ⩽ ⟨g(x), x+ − y⟩+ 1

2β
∥g(x)∥2 − α

2
∥y − x∥2 ,

= ⟨g(x), x− y⟩ − 1

2β
∥g(x)∥2 − α

2
∥y − x∥2.
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