Probability theory

5.1 Basic definitions and properties
Modern probability is mostly built upon measure theory following the work of Kolmogorov .
The starting point of this field is a universe, i.e., a measurable space (2, F), where F is a
o-field over Q. It is considered fixed in all this section.

We first preface this section by two basic definitions.

Definition 5.1. Any measurable function X : Q — E where (E, A) is a measurable space is
called a random variable valued in E. If E = R (resp. C) endowed with its Borel o-field, X is
said to be a real (resp. complex) random variable.

Definition 5.2. A universe endowed with a probability measure P is called a probability
space, denoted in general on the form of a triplet (Q, F,P).

Note that for any measurable function f : E — F, where (E, A) and (F,F) are two
measurable spaces, and X a random variable valued in E, f(X) is a random variable.
Therefore, measurable transformation of random variables are random variables.

While the definition of a random variable do not depend on any probability measure
on (Q,F), this is the combination of these objects that are the central studied object of
probability theory, i.e., the distribution (also called law) of X.

Proposition and Definition 5.1. Let X : Q — E be a random variable where (E, A) is a
measurable space. The map from A to [0,1], defined by

Px(A)=P(Xe€A),Ac A, (5.1)

is a probability measure on (E, A), referred to as the distribution of X.

Proof. The proof is left as an exercise. O
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We now turn to the definition of the expectation of f(X).

Definition 5.3. Let /' : E — R be a real measurable function and X be a random variable

values in E.
(1) If f is non-negative, we define the expectation of £(X) as E[f(X)] = [ f(X(w))P(dw).
(2) For general f, such that E[|f(X)[] < +oco, we define
E[f(X)] = f f(X(@)P(dw) = f f+(X(0)P(dw) - f f-(X(@)P(dw),
where we have defined £, =max(0, f) and f_ = max(0,—f).

Another option for the definition of E[f(X)] would be to change the probability measure
with respect to which the integral is taken, i.e., to define E[f(X)] as [¢ f(x)Px(dx), where
Px is the distribution of X. In fact, it turns out that these two quantities are equal.

Proposition 5.2 (Transfer Lemma). Let f : E — R be a real measurable function and X be
a random variable valued in E. Assume either f is non-negative, or E[|f|(X)] < +oco. Then,

[E[f(X)]=fo(X(w))[P(dw)=j;f(x)[P>X(dx). (5.2)

Proof. The case f satisfying E[|f|(X)] < +oo is a simple consequence of the case f non-
negative. By definition (5.1), (5.2) holds for f = 15. By linearity, (5.2) holds for simple
functions. Then, by the approximation lemma and the monotone convergence theorem. [

Theorem 5.3. Jensen’s Inequality

(i) Let X be a real integrable random variable on the probability space (2, A,P) taking
values in an interval I, and let ¢ be a convex function from I into R such that ¢poX is
P-integrable. It holds that

SEX]) = ¢>( fQ X(w)dP(w)) < fQ $oX()AP) = E[pX)]. (5.3)

(ii) (Equality case) Now fix ¢ : R — R a strictly convex function. Equality in equation (5.3)
holds only for constant random variables X P-almost surely.

Proof. (i) We start with a short recall on convex functions.

Lemma 5.4. Let ¢:I — R be a convex function. Then for all x € I, the function defined on
IN{x}, px:y— (P(y)— p(x))/(y — x) is non-decreasing on I \ {x}.

Proof. Left as an exercise. O
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From Theorem 5.4, if ¢ is convex, it admits right and left derivatives denoted respec-
tively by ¢, and ¢” (which may be infinite at the boundary of I). Moreover these functions
satisfy by definition, for all A1,ho e R, x€l,x+h1€l,x—ho€l,

(Px+h1)—Pp)h1 = P (x), (Pplx) — Plx — h)Vha < P (x),¢p_(x) < P/, (x).
Thus for all y e I, ¢p(y) = ¢/, (x)(y — x) + ¢p(x) which implies that for all x € int(])
p(x)=sup{ax+b:a,beRandforall yelay+b <)},

this supremum being attained for a = ¢, (x) and b = ¢(x) — ¢/, (x)x. Moreover we use the
following lemma.

Lemma 5.5. Let (X, X, 1) be a measured space with y a probability measure and f : X — 1,
where I is an interval of R, an integrable function. Then [y fdu e I. Moreover if [y fdu¢
int(1), then f = [y fdy, p-a.s.

Proof. Left as an exercise.

Hence E[X] € I. Now, we distinguish the case whether E[X] € int(]) or not.

Case a) E[X]e€int(]). Then there exist ag,bg € R such that
GEIX]D =aob[X]+bo,a0y+bo=¢p(y), forall yel.
Thus, by monotonicity and linearity of expectation,

HEIX]) = aoE[X]1+bo =E[aoX +bol <E[p(X)] .

Case b) E[X]¢int(). Then X = E[X], P-almost surely and Jensen’s inequality is then clearly
satisfied.

(i) We start again with a short recall on convex functions.

Lemma 5.6. Let ¢ : I — R be a strictly convex function. Then for all x € I, the function
defined on I\ {x}, py:y— (d(y) — p(x))/(y — x) is strictly increasing on I \ {x}.

Proof. Left as an exercise.
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From Theorem 5.6, if ¢ is convex, it admits right and left derivatives denoted respec-
tively by ¢, and ¢” (which may be infinite at the boundary of I). Moreover these functions
satisfy by definition, for all A1,ho e R, x€l, x+h1€l,x—ho€l,

(Px+h1)—Pp)/h1> P (x), (Plx) — Pplx — h)Vha < ¢ (x),p_(x) < P/, (x).
Thus for all ye I, y # x, p(y) > ¢ (x)(y — x) + p(x) which implies that for all x € int(I)
p(x)=sup{ax+b:a,beRandforall yel, y#x, ay+b<p()},

this supremum being attained for a = ¢/, (x) and b = p(x) — ¢/, (x)x. As in the first question,
we distinguish the cases starting from the fact that F[X]e .

Case a) E[X] € int(]). Then there exist ag,bg € R, such that
OEIX]) =aob[X]+bp and for all ye I, y #E[X], agy+ bo < P(y). (5.4)

Also suppose that (5.3) is an equality under the assumption that ¢ is strictly convex.
Then we obtain that E[¢(X)— (E[X])] = 0. But since P-almost surely E [p(X)] -
GELX]) — ao(Xo —ELX]) > 0, we have that ¢(X) = agE[X]+ b P-a.s. Hence from (5.4),
P-a.s., X = E[X].

Case b) E[X]¢int(I), then P-a.s., X = E[X].

5.1.1 Real random variables

Definition 5.4. Let X be a real random variable. We define the cumulative distribution
function of X as

Fx(x)=P(X <x),VxeR.
Cumulative distribution functions are also simply referred to as distribution function.

Proposition 5.7. Let X and Y be two real random variables for which distribution
functions coincide on Q. Then they have the same distribution.

Proof. Itis a simple consequence of Exercise 2.1 and the Dynkin theorem Theorem 2.7. [

Proposition 5.8. Let F'x be the distribution function of a real random variable X. Then
Fx is cadlag (continue a droite et limite a gauche in French), i.e., is right-continuous and
admits left limit at any point in R: for any x € R,

F(x)=limF(y), LmF(y)exists
ylx ylx
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Proof. They are simple consequences of the continuity properties of P stated in Theorem 2.5.
O

5.2 Conditional distribution

5.2.1 Elementary conditional probability
We consider a probability space (2, F,P). For an event B € F, P(B) > 0, we define:

Definition 5.5. We define the probability measure A € 7 — P(A|B), called the conditional
probability given B, as

P(ANB)

Proposition 5.9. If P(B) > 0, then P(-|B) is a probability measure on (Q,F).

Remark 5.1. Let A,B € 7 with P(A),P(B) > 0. Then, it easy to notice that

A,B are independent <— P(AB)=P(A) < P(BJA)=P(B).

Definition 5.6. The expectation associated with [P(-|B) is called the conditional expectation
given B and denoted for any real random variable Z, non-negative or P(:|B)-integrable, as
E[Z|B].

Proposition 5.10. For any real random variable Z, non-negative or P(:|B) integrable,
E[Z|B]=(1/P(B))E[Z1g].

Proof. This is true for any Z = 14 by definition and therefore we get the result by approxi-
mation Theorem 3.10. O

Theorem 5.11. Let | a countable set and let (B;);¢ be a partition of Q, so P(U;B;) = 1.
Then, for any A€ F,

P(A) =) P(AIB)P(B;) .

i€l

Proof. Due to the o-additivity of P, we have

P(A) =P (Ui (ANnB;) =) P(AnB;) =) P(AIB)P(B)).

i€l i€l
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Theorem 5.12. Let | a countable set and let (B;);c| be a partition of Q, so P(U;¢|B;) =1
Then, for any A € F with P(A)>0 and any k €|,

P(AIBr)P(Br)
YiaP(AB)P(B))

P(BrlA) =

Proof. Note that by definition that

P(BrnA)  P(AIB)P(Br)
PA)  PA)

P(BxIA) =

Now using Theorem 5.11 completes the proof. O

Example 5.1. In the general population, the change of having a cancer is about 2%. We
consider a test which detects a cancer with probability 95%; however, with probability 10%
it gives a false alarm. If the test of a patient is positive (i.e., gives an alarm), what is the
probability that this patient has indeed a cancer?

We formalize the description given above. Let
A ={test is positive }, B ={ patient has cancer }.
The description above implies that
P(B)=0.02, PB% =0.98 ,[P(A|B)=0.95, P(AIBY)=0.1.

Therefore, Bayes’ formula yields

P(A|B)P(B) ~ 0.95-0.02 _19 e
P(AIB)P(B)+P(A|BC)P(BL) ~ 0.95-0.02+0.1-0.98 ~ 117 ~ "~

P(BIA) =

On the other hand, the probability that the patient has a cancer while the test is
negative is:

0.05-0.02 1
P(BIAL) = — _— ~0.00113.
0.05-0.02+0.9-0.98 883

Remark 5.2. Let X € L1(Q, F,P). If A € F, then clearly also 1pX € L1(Q, F,P). Some
authors then use the following notation:

E[X;Al=E[1aX].

Let | be a countable set and let (B;);c| be pairwise disjoint events with L;¢|B; = Q. We
define G =0 ({B; : i € I}). For X e L1(Q, F,P), we define a map E[X | G]: Q — R by
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ELX | Glw) = Zﬂsi(w)[E[X IB;].
i€l
Proposition 5.13. Let X € LY(Q,F,P)and G=0(B; :icl}), for (Bj);el pairwise disjoint
events and | a countable set. The map E[X | G] has the following properties.

(1) E[X |G]lis G-measurable.
(i) E[X |G]e Ll(Q,f,[P’), and for any A € G, we have

E[TAELX |G]1 =E[1aX].

Proof. (i) We can suppose that | cN. The proof is immediate since we can write E[X | G] =
gofwith f:Q—1, g:|-R,

f=> 11, , g@=EXIBil,

i€l
and both functions are measurable and in particular by definition f is G/¢(l)-measurable.

(ii) It is left as an exercise. Hint: First show that for any A € G, there exists J < | with
A=U jel B e
O

Exercise 5.1. Let X >0 be a strictly positive random variable. Show that X is exponen-
tially distributed if and only if

PX>t+s|X>s)=P(X>t) foralls,t=0.

In particular, X ~ Exp(6) for 6 >0 if and only if P(X > ¢ +s| X >s)=e "% for any s,t = 0.

5.2.2 Conditional Expectations

There is multiple interpretation of the condition expectation given a sub o-field. A first
is simply that it corresponds to an orthogonal projection in L2(Q, P, F); see Theorem 5.19.
More precisely, let (X,Y) be two independent random variables valued in (X,X) and
(Y, ) respectively, such that £(X,Y)is in L? for f : X x Y — R. Then, denoting by A(Y) =
E[f(X,Y)|Y] as the best function of Y approximating in L2(Q,F,P), f(X,Y).

A second interpretation is that it corresponds to the integration of a random variable
given possible events not belonging to G. A nice and useful result of this fact is that if
(X,Y) are two independent random variables valued in (X, X’) and (Y,))) respectively, such
that f(X,Y) is integrable, then E[f(X,Y)|Y]=A(Y) where h(y) = E[f (X, y)]. To interpret
this statement, Y being independent of X all events relative to this random variable is not
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relevant for X. Therefore, given the second interpretation of the conditional expectation,
we can treat Y as constant in the computation of E[f(X,Y)|Y ] which leads to the result. In
the generic case, not assuming X and Y are independent, E[f(X,Y)|Y] still corresponds to
a random variable of the form A(Y') for some measurable function 4 : Y — R. In this setting
h(Y) still corresponds in some sense to the integration of f(X,Y) with Y being fixed. This
will naturally lead to define conditional distribution which is the topic of Chapter 7.

In the following, G ¢ F will be a sub-o-field and X € L1(Q,F,P). In analogy with
Theorem 5.13, we make the following definition.

Definition 5.7. A real random variable Y is called a conditional expectation of real random
variable (non-negative or integrable) X given G if:

(i) Y is G-measurable.

(ii) For any A€ G, we have E[X1a]1=E[Y 1A].

Theorem 5.14. The conditional expectation of X € LY(Q, F,[P) given G exists and is unique
(up to equality almost surely).

Remark 5.3. (1) Since conditional expectations are defined only up to equality a.s., all
equalities with conditional expectations are understood as equalities a.s., even if we do not
say so explicitly.

(2) We can also show Theorem 5.14 and the results above assuming that X is a non-
negative random variable.

(3) By uniqueness, we can talk about the conditional expectation of X given G and we
denote it by E[X|G] and E[X|Y]if G = o(Y).

Proof. Uniqueness. Let Y and Y’ be random variables that fulfill (i) and (ii). Let
A={Y >Y'} €G. Then, by (ii),

0=E[YIAl-E[Y'IA] =E[(Y-Y')14A].

Since (Y —Y’)1a = 0, we have P(A) = 0; hence Y <Y’ almost surely. Similarly, we get
Y =Y’ almost surely.
Existence. Let X* =X v0and X~ =X* - X. The maps

Q*(A)=E[X*1] forall AcG

define two finite measures on (Q,G). Clearly, Q* < P; hence the Radon-Nikodym theorem
Theorem 4.8 yields the existence of G-measurable densities Y *such that

@i(A)zf Y*dP=E[Y*1a]
A

Now define Y =Y —Y . We show easily that Y is a conditional expectation of X given
g. O
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Theorem 5.15. Let (QQ, F,P) and let X,Y be either non-negative or integrable random
variables. Let Ac G c F be o-fields and let Y € LY(Q, F,P). Then:

(i) For any AR (A =0 only if X is not integrable), E[AX +Y |Gl = AE[X | G]+E[Y | G1.

(ii)) If X =Y a.s., then E[X | G1 = E[Y | G].

(iit) IfE[| XY |]1< +oo and Y is measurable with respect to G, then

EIXY |Gl=YEIX |G] and EY|G]I=EY |Y]=Y.

(iv) (Tower property) [E[E[X |G]| Al=E[E[X | A]|G]=ELX | Al

(v) ElIXI1G]=[ELX | G]I.

(vi) (Independence) If 0(X) and G are independent, then E[X | G] = E[X].
(vii) If P(A)€{0,1} for any A€ G, then E[X | G] =E[X].

Proof. (i) The right-hand side is G-measurable; hence, for A€ G,
E[1IAAELX | GI+ELY | GD] = AE[TAELX | G+ E[TAELY |Gl = AE[TAX]+E[IAY]

=E[1A(AX +Y)].

(ii) Let A ={E[X | G]1 < E[Y | G]}. By definition, A € G and since we have X =Y, we get
E[1A(ELX|G]-E[Y|GD]=E[1a(X —=Y)]= 0 and thus P(A)=0.

(iii) First assume X =0 and Y =0. For n e N, define Y,, =27 |2"Y]. Then Y, 1Y and
Y,.E[X | G111 YEIX | G] (since E[X | G] =0 by (ii)). By the monotone convergence theorem,

n—+oo

E[1AY,ELX | G]] E[1AYELX | O]

On the other hand,

+00
E[1AYLEX |GN= ) E[1aly,=re-nk2 "ELX | G]]
k=1
+00
=Y E[laly,-remk2 " X] = E[1aY,X] " E[1AY X]

o
Il
—

Hence E[1AYE[X |G]] = E[1oY X]. In the general case, write X = X*-X"and Y =
Y " —Y " and exploit the linearity of the conditional expectation.

(iv) The second equality follows from (iii) with Y = F[X | A] and X = 1. Now let A€ A.
Then, in particular, A € G; hence
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E[TAEIELX |G Al =E[TAEIX | Gl =E[1aX]=E[TAELX | All

(v) Exercise
(vi) Exercise

(vii) Exercise
O

Remark 5.4. Theorem 5.14 implies that if (W), <y is non-increasing, (E[W,, | G1),,cn is also
non-increasing.

Example 5.2. Let X,Y € LY(Q,F,P) be independent. Then
EIX+Y |Y]=EX|Y]+E[Y |Y]=E[X]+Y .

Example 5.3. Let X;,...,XxN be independent with E[X;]=0,i=1,...,N. Forn=1,...,N,
define G, =0(X1,...,X,)and S, = X1 +...+ X,,. Then, for n = m,

E[S,1Gm]=E[X1]1Gnl+...+E[X, | Gn]
=X1+...+ X, +E[X 1]+ .. . +E[X,]1=S,, .

By properties of the conditional expectation, since ¢ (S,,) € G,,, we have

Theorem 5.16. Let (X, X) and (Y,))) be two measurable spaces. Let X be a random variable,
valued in (X,X) and G c F be a sub-o-field. If X is independent of G and Y is G-measurable,
it holds for any random variable Y, valued in Y and measurable function f : XxY — R such
that E[f(X,Y)|G] exists,

Elf (X, VNGl1=hs(Y), he(y)=EfX,y)] forPy-ae y, (5.5)
denoting by Py the distribution of Y.

Proof. We only prove the case where f(X,Y) is integrable and positive and leave the
other cases as exercises. First, the statement easily holds for f(x,y) = 1a(x)1g(y) with
A€ X and B € ) using Theorem 5.15. Then, we can extend it to f(x,y) = 1a(x,y), for any
measurable set A€ X' ® ) considering {Ae X' ®) : (5.5) holds for f = 14}, showing it is a
A-system, and conclude using the 7 — A theorem. The proof is complete using pointwise and
Ll-approximation of positive integrable functions by simple functions Theorem 3.10. [
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Theorem 5.17. (i) (Conditional monotone convergence theorem) Let (X,,),cn IS @ sequence
of non-negative random variables almost surely non-decreasing, converging to X almost
surely. Then,

lim E[X,|G]=E[X]F].

(ii) (Conditional Fatou’s lemma) Let (X ,,),en IS a Sequence of non-negative random variables.
Then,

E|liminfX,

n—+oo

G| <liminfE[X,I0] .

(iii) (Conditional Lebesgue dominated convergence theorem) Assume Z € LY(Q, F,P),Z =0
and (Xp),en IS a sequence of random variables with |X,| < Z for n € N and such that

n—-+oo

X, —— X as. Then

lim E[X, |G]1=EX|G] as andin Li(P).

Proof.

Exercise

Exercise

Exercise Define W,, = sup;,, 1Xz —X|. Then 0 < W, <2Y and W, 25,0, By the Lebesgue’s

dominated convergence theorem, we have E[W,] SmaioN 0; hence, by the triangle inequality,

n—+oo

E[E[X, | G1-ELX | Gl <E[E[IX, - X|IG]] =E[IX, - X|1 <E[W,] —— 0

As (Wy,),en 18 non-increasing, by Theorem 5.14, (E[W,, | G1),,cn NOn-increases to some limit,
say, W. By Fatou’s lemma,

E[W]= nEerE[E[Wn |Gll= nl—i>r-Poo[E[Wn] =0

n—+oo

Hence W =0 and thus E[W,, | G] 0 almost surely. However, by Theorem 5.15,
|E[X, | G1-EIX | Gll <E[W, | G]
O

Theorem 5.18. If Y is a random variable valued in (Y,)) and X € LI(Q,f,P) (or X
non-negative a.s.). Then, there exists a measurable function h : Y — RuU {+oo} such that
E[X|Y]=h(Y).

Proof. This is a consequence of Theorem 3.8. O
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Remark 5.5. Let X : Q — R be a random variable such that X~ € L1(Q, F,P). We can
define the conditional expectation as the monotone limit

FLX|G1= lim E[X, |01,

where — X~ < X; and X,, { X. Due to the monotonicity of the conditional expectation it
is easy to show that the limit does not depend on the choice of the sequence (X,),cn and
that it fulfills the conditions of the definition. Analogously, we can define the conditional
expectation X € L1(Q, F,P). For this generalization of the conditional expectation, we still
have E[X |Gl <E[Y |Gl a.s. if Y =X a.s.

Corollary 5.19. Let G < F be a o-field and let X be a random variable with E[X?] < +oo.
Then E[X | G] is the orthogonal projection of X on L2(Q,G,P). That is, for any G-measurable
Y with E[Y?] < +oo,

E[(X-Y)?] 2E[(X -E[X | G)?],

with equality if and only if Y =E[X | G1.

Proof. We first show that E [X 2] < 4+00. This is an immediate consequence of the conditional
Jensen inequality Theorem 5.20 but we provide an elementary proof here. For N € N, define
the truncated random variables | X|AN. Clearly, we have [E [[E[IX |AN | Q]z] <N?Zand using
the Tower property, E [((IX| AN)—E[|X| AN | GD)?] <E[(X AN)?|GIV. Using the elementary
inequality a2 < 2(a — b)? + 2b2,a,b € R, we infer

E[ENX|AN | GF] < 2E[(1X| AN)—E[X| AN | GD?] +2E[(IX| AN)?]
<4E[(X|AN)?] <4E[X?] .

By Theorem 5.17, we get E[|X|AN | G] 1 E[|X]| | G] for N — +oo. By the triangle
inequality and the monotone convergence theorem, we conclude

E[ELX | G1%] <E[ELIX]||GT?] = Jim E [E[IX| AN | G1?] < 4E [X?] < +00.

Now let Y be G-measurable and assume E [Y2] < +00. Then, by the Cauchy-Schwarz
inequality, we have E[|XY|] < +oco. Thus, using the tower property, we infer E[XY] =
E[E[X | G1Y] and E[XE[X | G1] = E[E[XE[X | G]| G1] = E[E[X | G]?]. Summing up, we have

E[(X -Y)?] -E[(X —E[X | G)?]

E[X?-2XY +Y?-X?+2XE[X | G]-E[X | G1?]
E[Y?-2YELX | G]+ELX | GI°]

E[(Y —E[X |GD?*] =0

Mthe proof is similar to show that Var(X) < EF[X 2]
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This completes the proof. O
Next we show Jensen’s inequality for conditional expectations.

Theorem 5.20. Let | <R be an interval, let ¢ : I — R be convex and let X be an |-valued
random variable on (Q,F,P). Further, let E[|X|] < +oo and let G < F be a o-field. Then

+oo = E[gp(X) | G1 = p(EIX | G)).

Proof. Since by Jensen inequality and ¢ — (¢)_ is convex, we get that ¢(X)_ is integrable
and therefore Remark 5.5 ensures the existence of E[¢(X) | G] with values in (—oo, +00].
In addition, since we have E[X | G] € | a.s., hence @(E[X | G]) is well-defined a.s.. Note
that X = E[X | G] almost surely on the event {E[X | G] is a boundary point of I}; hence
here the claim is trivial. Indeed, without loss of generality, assume 0 is the left boundary
of | and A = {E[X | G] = 0}. As X assumes values in | € [0,+00), we have 0 < E[X1A] =
E[E[X | G]11a]1=0; hence X1 =0. The case of a right boundary point is similar.
Hence we only need to consider the event B = {E[X | G] is an interior point of I}. This
case can be treated as Theorem 5.3 and is left to the reader.
O

Corollary 5.21. Let p €[1,+oo] and let G < F be a sub-o-field. Then the map
L?(Q,F,P)—LP(Q,G,P), X—E[X|J]

is a contraction (that is, |ELX | Glll, < X p) and thus continuous. Hence, for any sequence
(Xnnens in LP(Q, F,P) with lim,— 100 |1 X5 = X, =0, limy,— 40 IE[X, | G1-EIX |Gl , = 0.

Proof. This is an application of Jensen’s inequality with ¢(x) = |x|? for p < +oc0. For p = +o0,
note that [E[X |Gl <E[IX o | G1= X lloo- 0
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