
Chapter 4
Exercices Week 3

4.1 Dirichlet and Poisson problems

Definition 4.1 (Dirichlet Problem) Let P be a Markov kernel on X×X , A ∈ X and g ∈ F+(X). A
nonnegative function u ∈ F+(X) is a solution to the Dirichlet problem if

u(x) =

{
g(x) , x ∈ A ,

Pu(x) , x ∈ Ac .
(4.1)

For A ∈X , we define a submarkovian kernel PA for x ∈ X and B ∈X by

PA(x,B) = Ex[1{τA<∞}1B(XτA)] = Px(τA < ∞,XτA ∈ B) , (4.2)

which is the probability that the chain starting from x eventually hits the set A∩B.

4.1. For any A ∈X and g ∈ F+(X), the function PAg is a solution to the Dirichlet problem (4.1)

Definition 4.2 (Poisson problem) Let P be a Markov kernel on X×X , A ∈X and f : Ac→ R+ be a
measurable function. A nonnegative function u ∈ F+(X) is a solution to the Poisson problem if

u(x) =

{
0 , x ∈ A ,

Pu(x)+ f (x) , x ∈ Ac .
(4.3)

For A ∈X and h ∈ F+(X) define

GAh(x) = 1Ac(x)Ex

[
τA−1

∑
k=0

h(Xk)

]
= Ex

[
τA−1

∑
k=0

h(Xk)

]
, (4.4)

where we have used the convention ∑
−1
k=0 · = 0. Note that GAh is nonnegative but we do not assume that

it is finite.
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4.2. Let P be a Markov kernel on X×X , A∈X and f : Ac→R+ be a measurable function. The function
GA f is a solution to the Poisson problem (4.3).

4.3. Let P be a Markov kernel on X×X and A ∈X . Let f ∈ F+(A,XA) and g ∈ F+(Ac,XAc).

1. Show that the function PAg+GA f is a solution to the Poisson-Dirichlet problem

u(x) =

{
g(x) , x ∈ A,
Pu(x)+ f (x) , x ∈ Ac .

(4.5)

2. Show that if v ∈ F+(X) satisfies

v(x)≥

{
g(x) , x ∈ A,
Pv(x)+ f (x) , x ∈ Ac,

(4.6)

then v≥ PAg+GA f .

4.4. Show that the function x 7→ Px(τA < ∞) is the smallest positive solution to the system

v(x)≥

{
1 if x ∈ A ,

Pv(x) if x /∈ A .

4.5. Show that the function x 7→ Ex[τA] is the smallest positive solution to the system

v(x)≥

{
0 if x ∈ A ,

Pv(x)+1 if x /∈ A .

4.6. Let P be a Markov kernel on X×X . Assume that P admits an atom α and an invariant probability
measure π .

1. If π(α)> 0, show that α is recurrent.
2. If α is accessible, show that π(α)> 0 and α (and hence P) are recurrent.
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Solutions to exercises

4.1 If x ∈ A, then by definition, PAg(x) = g(x). For x ∈ X, the identity σA = 1+ τA ◦ θ1 and the Markov
property yield

PPAg(x) = Ex[PAg(X1)] = Ex[{1{τA<∞}g(XτA)}◦θ1]

= Ex[1{τA◦θ1<∞}g(X1+τA◦θ1)] = Ex[1{σA<∞}g(XσA)] .

For x 6∈ A, then σA = τA Px − a.s. and we obtain

PPAg(x) = Ex[1{τA<∞}g(XτA)] = PAg(x) .

4.2 Set u(x) = GA f (x) = Ex[S] where S = 1Ac(X0)∑
τA−1
k=0 f (Xk). By convention u(x) = 0 for x ∈ A. Apply-

ing the Markov property and the relation σA = 1+ τA ◦θ1, we obtain

Pu(x) = Ex[u(X1)] = Ex[EX1 [S]] = Ex[Ex[S◦θ1 |F1]] (4.7)

= Ex[S◦θ1] = Ex

[
1Ac(X1)

τA◦θ1

∑
k=1

f (Xk)

]
= Ex

[
σA−1

∑
k=1

f (Xk)

]
,

where the last equality follows from 1A(X1)∑
σA−1
k=1 f (Xk) = 0. For x /∈ A, σA = τA Px − a.s. and thus

f (x)+Pu(x) = f (x)+Ex

[
σA−1

∑
k=1

f (Xk)

]
= Ex

[
1Ac(X0)

τA−1

∑
k=0

f (Xk)

]
= u(x) .

4.3 1. (4.5) follows by combining Exercise 4.1 with Exercise 4.2.
2. Assume now that (4.6) holds. Eq. (4.6) implies

Pv+ f1Ac +g1A ≤ v+1APv .

Applying Theorem 4.3.1 (in the book) with Vn = v, Zn = f1Ac +g1A, g = 1APv and τ = τA, we obtain
for all x ∈ Ac,

PAg(x)+GA f (x) = Ex
[
1{τA<∞}g(XτA)

]
+Ex

[
τA−1

∑
k=0

f (Xk)

]
≤ Ex

[
1{τA<∞}v(XτA)

]
+Ex

[
τA−1

∑
k=0
{ f (Xk)1Ac(Xk)+1A(Xk)g(Xk)}

]

≤ v(x)+Ex

[
τA−1

∑
k=0

1A(Xk)Pv(Xk)

]
= v(x).

On the other hand, v(x)≥ g(x) = PAg(x)+GA f (x) for x ∈ A by construction.

4.4 Apply Exercise 4.3 with g = 1A and f = 0.

4.5 We apply Exercise 4.3 with g = 0 and f = 1Ac . In that case, the solution is given by
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1Ac(x)Ex

[
τA−1

∑
k=0

1Ac(Xk)

]
= 1Ac(x)Ex[τA] = Ex[τA] .

4.1 (i) Since π is invariant, we have

πU(α) =
∞

∑
n=0

πPn(α) =
∞

∑
n=0

π(α) . (4.8)

Therefore, if π(α)> 0 the atomic version of the maximum principle yields

∞ = πU(α) =
∫
X

π(dy)U(y,α)≤U(α,α)
∫
X

π(dy) =U(α,α) .

(ii) Since α is an accessible atom, Kaε
(x,α)> 0 for all x ∈ X and ε ∈ (0,1). Therefore, we get that

π(α) = πKaε
(α) =

∫
X

π(dx)Kaε
(x,α)> 0 .

Therefore α is recurrent by 1 and therefore P is recurrent.
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