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@ Introduction to the Kac formula
@ The statement
@ Proof
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Definitions and Notation
@ First return time to the set C: oc =inf{k >1 : X} € C}.

e Cis m-accessible iff P,(oc < 00) > 0 for m-almost all z € X. )

.
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Definitions and Notation
@ First return time to the set C: oc =inf{k >1 : X} € C}.

e Cis m-accessible iff P,(oc < 00) > 0 for m-almost all z € X. )

Theorem (The Kac Formula)

Let P be a Markov kernel on E x £ with invariant probability

measure w. Then, for all m-accessible sets C € £, we have

_ .0 _ 1
T = mc = m¢ , | where

R. Douc, A. Durmus, A. Enfroy and J. Olsson , IHP 2023 The KKT process



By the last-exit decomposition and the Markov property, for all
bounded functions f > 0 and all n > 1,

W(f) = Ew[f(Xn)] = Eﬂ[f(Xn)l{UC < n}] + Eﬂ[f(Xn)l{UC > n}]
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By the last-exit decomposition and the Markov property, for all
bounded functions f > 0 and all n > 1,

7(f) = Ex[f(Xn)] = Ex[f(Xn)1{oc < n}] + Ex[f(Xn)1{oc > n}]
= ZIE 2)1c(Xy) H Tee(Xk)
k=0+1

B [1c(X0)Ex, [f(Xn—) [TiZf 1ce (X)]]

+Er[f(Xn)1{oc > n}]
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By the last-exit decomposition and the Markov property, for all
bounded functions f > 0 and all n > 1,

7(f) = Ex[f(Xn)] = Ex[f(Xn){oc < n}] + Ex[f(Xn)1{oc > n}]
= ZE

B [1c(X0)Ex, [f(Xn—) [TiZf 1ce (X)]]

+Er[f(Xn)1{oc > n}]

n)lc(Xe) H Lee(Xk)
k=0+1

Noting that 7 is invariant and setting K = n — ¢, we finally get

Z/ (d2)Eo [f(X0)1{oc > k)] + Exlf(Xn)1{oc > n}]

(n—1)A(oc—1)

- /C w(dx)Ex{ S A

k=0

+ E;[f(Xn)1{oc > n}] .

(3)
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Let P be a Markov kernel on E x £ with a unique invariant
probability measure . Then, any set C € £ such that w(C) > 0 is

m-accessible.

P has a unique invariant probability measure
= the associated dynamical system (EN,£%N 9. P,)
is ergodic
= the Birkhoff theorem applies.

The KKT process
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Let P be a Markov kernel on E x £ with a unique invariant
probability measure . Then, any set C € £ such that w(C) > 0 is
m-accessible.

P has a unique invariant probability measure
= the associated dynamical system (EN,£%N 9. P,)
is ergodic
= the Birkhoff theorem applies.

Then, for all C € £ such that 7(C) > 0,

n—00

n—1
lim n~* Z 1c(Xy) =7(C) >0 P, —as.
k=0
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Let P be a Markov kernel on E x £ with a unique invariant
probability measure . Then, any set C € £ such that w(C) > 0 is
m-accessible.

P has a unique invariant probability measure
= the associated dynamical system (EN,£%N 9. P,)
is ergodic
= the Birkhoff theorem applies.
Then, for all C € £ such that 7(C) > 0,
n—oo

n—1
lim n~* Z 1c(Xy) =7(C) >0 P, —as.
k=0

Thus, P, (oc < o0) = 1. And therefore P, (c¢c < 0o) =1 > 0 for
m-almost all z € X.
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9 The memoryless teleportation process
@ Description of the algorithm
@ Some properties
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Recall the formula:

7(f) = Je m(dw)E, [S555" £(X5)]
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Recall the formula:

7(f) = Je m(dw)E, [S555" £(X5)]

Algorithm: The memoryless teleportation process

@ Initialization: draw Yj
@ Fork+ 1lton
Q@ draw Y ~ P(Yy—_1,")
QO IfYF¢C setY, + Y7
© Otherwise, draw Y}, ~ mc where 7¢(:) = O
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Recall the formula:

7(f) = Je m(dw)E, [S555" £(X5)]

Algorithm: The memoryless teleportation process

@ Initialization: draw Yj
@ Fork+ 1lton
Q@ draw Y ~ P(Yy—_1,")
QO IfYF¢C setY, + Y7
© Otherwise, draw Y}, ~ mc where 7¢(:) = O

Remarks:
@ The set Cis chosen by the user.
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Recall the formula:

7(f) = Je m(dw)E, [S555" £(X5)]

Algorithm: The memoryless teleportation process

@ Initialization: draw Yj
@ Fork+ 1lton
Q@ draw Y ~ P(Yy—_1,")
QO IfYF¢C setY, + Y7
© Otherwise, draw Y}, ~ mc where 7¢(:) = O

Remarks:

@ The set Cis chosen by the user.

@ Choose for example C C {x € E : 7(z) < €q(z)} where g is a
density from which we can draw. If w(x)/(eq(z)) is
computable for Q-almost all x € X, then we can draw 7¢
by rejection .
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b

Figure: MALA (left) versus Memoryless teleportation MALA process
(right)

Set D = [—15,15]? and (v, €) = (0.1,1.3/47). Iterations: 10°.
e Target: m = 0.5\ (—a, I) + 0.5N\ (a, I5) with a = (10,0)7
@ The Markov kernel P: MALA with proposal
Vi = Xi +9VInm(Xy) + V29N (0, 1)
@ The critical set C = {(z,y) € D : n(z,y) < eq(z,y)} with
q the density of Unif(D).
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The Markov kernel P allows an invariant probability measure 7
such that C is m-accessible.
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The Markov kernel P allows an invariant probability measure 7
such that C is m-accessible.

@ The kernel S. The memoryless teleportation process is
associated to the Markov kernel S defined by: for all
(y,h) € ExFL(E),

Sh(y) = / P(y,dy")h(y') + P(y,C)mc(h)
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The Markov kernel P allows an invariant probability measure 7
such that C is m-accessible.

@ The kernel S. The memoryless teleportation process is
associated to the Markov kernel S defined by: for all
(y,h) € ExFL(E),

Shiw) = [ Pl.dy)hy) + Ply: Ome(h)
@® The 7-invariance. Integrating wrt 7,

7Sh = wP(1cch) + 7P (C)rc(h) = w(1ceh) + m(1ch) = w(h)

and hence, the Markov kernel S is m-invariant .
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Proposition

Assume Al and Ece is countably generated. Then
S is m-reversible if and only if the following two conditions are
satisfied,

Q@ Je.glalz y)n(de)P(z,dy) = g, 1A Y (dx) P(x, dy)
for all A € Ece ® Ece;

O there exists a measure p on (C¢ Ece) such that
P(y,-)|ce = p for m-almost all y € C.
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Proposition

Assume Al and Ece is countably generated. Then

S is m-reversible if and only if the following two conditions are

satisfied,

Q@ Je.glalz y)n(de)P(z,dy) = g, 1A Y (dx) P(x, dy)
for all A € Ece ® Ece;

O there exists a measure p on (C¢ Ece) such that
P(y,-)|ce = p for m-almost all y € C.

@ The condition (b) is restrictive. » The Markov kernel S is
“mostly” non-reversible.

@ Caveat: Sampling exactly from m¢ may restrict the choice of
the critical set C.
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9 The Markov teleportation process
@ Description of the algorithm
@ The extended Markov chain
@ The Strong Law of Large Numbers
@ Geometric ergodicity
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The Markov kernel @ on C x C allows the restriction 7¢ as
invariant probability measure.
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The Markov kernel @ on C x C allows the restriction 7¢ as
invariant probability measure.

THE KEY IDEA

If the candidate Y;* falls into the region C, instead of
sampling according to 7c, we pick in the past history of
{Y% : k € N} the last index where the process is in C
and we move according to Q).
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Algorithm: the Markov teleportation process.

@ Initialization: draw (Yp, Zp)
@ fork+ 1lton
@ draw Y ~ P(Yj—1,")
o if Yk:* ¢ C, set (Yk,Zk) — (Yk*, Zk—l)
© Otherwise draw Z ~ Q(Zx_1,-) and set Yy + Zy
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Algorithm: the Markov teleportation process.

@ Initialization: draw (Yp, Zp)
@ fork+ 1lton
@ draw Y ~ P(Yj—1,")
o if Yk:* ¢ C, set (Yk,Zk) — (Yk*, Zk—l)
© Otherwise draw Z ~ Q(Zx_1,-) and set Yy + Zy

@ (Y, : k € N} is not a Markov chain in general
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Algorithm: the Markov teleportation process.

@ Initialization: draw (Yp, Zp)
@ fork+ 1lton
@ draw Y ~ P(Yj—1,")
o if Yk:* ¢ C, set (Yk,Zk) — (Yk*, Zk—l)
© Otherwise draw Z ~ Q(Zx_1,-) and set Yy + Zy

@ {Y; : k € N} is not a Markov chain in general
@ {(Yi,Z;) : k € N}is a Markov chain with kernel

Rh.2) = [ Pnds (s 21+P.0) [ Qa2
(@

R. Douc, A. Durmus, A. Enfroy and J. Olsson , IHP 2023 The KKT process



Define the measure 7 by: for all h € F,(E x C)

7(h) = Je m(de) BE |75 (X, 2)
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Define the measure 7 by: for all h € F,(E x C)

7(h) = Jem(de) BE |75 h(Xp, @)

© Assume Al. Then, the marginal of 7 on the first component
is .

O If in addition A2 holds, then 7 is an
invariant probability measure for the Markov kernel R.

R. Douc, A. Durmus, A. Enfroy and J. Olsson , IHP 2023 The KKT process



Figure: MALA (left) versus teleportation RW+MALA process (right)

Set v = 0.8. lterations: 10°
e Target: Mixture of Gaussian densities and of a density
o e~ llz—zoll*
@ The Markov kernel P: MALA with proposal
Vi = Xi +7VIna(Xy) + V29N(0, 1)
o The Markov kernel Q: RW with proposal
Vi = Xi +v27N(0, I2)
@ The critical set C= {(z,y) € D : —log(14.87(x)) > 2}
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Proposition

Assume Al and A2. In addition suppose that
@ 1 is the unique invariant probability measure for P
@ 7 is the unique invariant probability measure for )

Then, R admits a unique invariant probability measure 7.
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Proposition

Assume Al and A2. In addition suppose that
@ 1 is the unique invariant probability measure for P
@ 7 is the unique invariant probability measure for )

Then, R admits a unique invariant probability measure 7.

Consequence: R has a unique invariant probability measure
= the associated dynamical system

((Ex ON, (€ x C)®N, @, PL)

is ergodic
= the Birkhoff theorem applies.
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Proposition

Assume Al and A2. In addition suppose that
@ 1 is the unique invariant probability measure for P
@ 7 is the unique invariant probability measure for )

Then, R admits a unique invariant probability measure 7.

Consequence: R has a unique invariant probability measure
= the associated dynamical system

((Ex ON, (€ x C)®N, @, PL)

is ergodic
= the Birkhoff theorem applies.
Then, for all functions f such that 7(|f|) < oo,

n—00 M

n—1
lim ~ 3 £V Ze) = 7(f), PE—aus.
k=0
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Assume Al and A2. In addition suppose that
probability measure 7. Then, the two conditions (a) and
(b) defined by

@ forany z € E, PP (0c < 00) = 1;

© for any x € C and any bounded measurable function

h:C—R,
/—1
lim ¢~ " h(Xy) = P9 —as.
Jim ¢ k_oh( k) =mc(h), s —as
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Assume Al and A2. In addition suppose that
probability measure 7. Then, the two conditions (a) and
(b) defined by

@ forany z € E, PP (0c < 00) = 1;

© for any x € C and any bounded measurable function

h:C—R,
/—1
lim ¢~ " h(Xy) = P9 —as.
Jim ¢ k_oh( k) =mc(h), s —as

are equivalent to the following property: for any f: Ex C — R
such that 7(|f|) < oo, for any (y, z) € E x C, we get that

n—1
il z: - = 7(f i
nlgIolC n f(Yk, Zy) = 7(f), IED(y,Z) d.s ()
k=0
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First idea: decompose Zz;é f(Yx, Zi) into cycles outside C x C
and using triangular arrays,

£+1 1

m—1 [ 9cxc™ ocxc—1
m Y | D SV Z)-ER, 2, | Do T Z)
/=0 i=0’éxc CxC CxC i=0

converges to 0 almost surely as m goes to infinity. » sufficient
conditions for the LLN only.
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First idea: decompose Zz;é f(Yg, Zy,) into cycles outside C x C
and using triangular arrays,

m—1 Uf:tlc_l ocxc—1
w3 Y f(Y;7Zi)—Ef%YUZ Z, ) > Fi Z)
/=0 i=0gxc CxC CxC i=0

converges to 0 almost surely as m goes to infinity. » sufficient
conditions for the LLN only. Instead, we propose to use:

Proposition

The two following conditions are equivalent.

@ Forany £ € My(€) and g : E — R measurable, 7(|g|) < oo,

n—1
: —1 _ P
Jim n kg_og(Xk) =n(g), Pg-as,

® Any bounded harmonic function h for P (ie Ph = h) is
constant. )
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There exist (A, b) € (0,1) x (0,00) and a measurable function
Vp : E — [1,00) such that

PVp < AVp+blc and supVp(y) < co.
yeC

Assumption Al is a typical geometric drift condition.
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We say that D € &c is a (1, ev)-small set if for any z € D and
A€ éc, Q(z,A) = ev(A).

@ There exists an accessible (1, ev)-small set D € C for @ such
that v(D) > 0.

® J0=inf,cpP(2,C)>0.

@ There exist constants (\,b) € (0,1) x (0,00) and a
measurable function Vi : C — [1,00) such that

QVo < AVg+0blp and supVp(z) < oo.
zeD
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Assume Al, A2, G1 and G2. Then, there exist constants C' > 0
and g € (0, 1) such that for any probability measure y on
(Ex C,E®C) and any n € N,

|[uR"™ — T|lpy < C o™ n(Ve @ Vg), (6)

where Vp @ Vj is the function Vp @ V(y, 2) = Vp(y)Vo(z) for all
(y,2) € Ex C.

4
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0 Extensions
@ The extended Kac formula
@ Revisiting any MH algorithm
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The Markov teleportation process combines two different kernels:
@ P with invariant probability measure w

@ ( with invariant probability measure ¢ where 7¢ is the
restriction of 7 to a given set C.

Idea: Replace the auxiliary distribution m¢ by a more general 7
which is a probability measure on (E, £) such that for some M,
Ep
(@) <M (7)

dr ™™

for m-almost all x € E.
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e Adding a second component Define E = E x [0, 1] and
& =E®B([0,1]). Let P be the Markov kernel on E x &£
defined by: for all Z = (z,u) € Eand A € &,

P(z,A) = / P(x,dz") 1 4 (u)1a(2’, u)du" . (8)

Notation

@ Denote by P, the associated probability measure induced on
(EN, £®N) by the Markov kernel P and initial distribution .

o Whenever E; ,, [¢] does not depend on u € [0, 1], we simply

write E;, , [¢].
Define
_ _ 1 drm
= E:u< h - —
C={(z,u) € u< afz)} where ofx) de(x)

oc :inf{k >1: (Xk,Uk) S C}
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Proposition
Let P be a Markov kernel on E x £ with
invariant probability measure 7. Let o : E — [0,1] be a

measurable function such that {a > 0} is m-accessible for P.

Then,

_ 0 _ 1
7T_7T(M_7T(x

where for all nonnegative or bounded functions f on (E, &),

_0'5—1

70 = [ w(dx)a(z)E, . ,
0(7) /E (dz)o(2)Eq, kzo £(Xe)

T (f) = /E r(dz)o@)Eny |3 £(X5)

(9)
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If P is w-invariant and (Q is 7-invariant.

Algorithm 3

@ Initialization Draw (Yp, Zp).
O fork+1lton
@ Draw (Y, Uk) ~ P(Yi_1,-) ® Unif([0,1])
Q IfU, > Oé(Yk*), set (Yk, Zk) — (Yk*,Zk—l)
@ Otherwise draw Z, ~ Q(Zx—_1,-) and set Y, + Z;.

An alternative to Lines a-b in Algorithm 3 would be to replace
them by:
a": Draw Y;* ~ P(Y},_1,-) and conditionally to Y}*, draw
By, ~ Bern(a(Y))))
b": if By, = 0 then , set (Yk, Zk) — (Yk‘*7 Zkfl)
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Any MH can be seen as a
particular extended teleportation process by defining

@ the probability measure 7 on (E, ) by

~ Je m(da)a(@)h(x)
h) = heFyi(E
W= e o " ®
where a(z) = [ Q(z,dy)aM (z,y)
@ the m-invariant Markov kernel P is defined by: for all z € E,
P(x,-) = 0,

@ the m-invariant Markov kernel @), is defined by:

fA z dy (x,y)
Je Q(z,dz)aMH (z, z)

Qalx, A) = (x,A) e Ex €&
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© Conclusion
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About the teleportation algorithm:

@ it allows to combine smoothly two Markov kernels targetting
different distributions.

e Embedded sets (C}).
@ Non markovian ways of targetting the auxiliary distribution.

@ Practical ways of choosing C or more generally o and 7.
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