PC4. EcoLE POLYTECHNIQUE. MAP 569. MACHINE LEARNING II.

EXERCISE 1 (PRELIMINARIES ON CONVEX ANALYSIS) Let f:R? — R be a convex function and
C C R? be a closed convex set. Condider the following optimisation problem

x* € argmin, o f(x) .

Denote by mex = argmin,¢||z — ul|? the projection of @ onto the convex set C. The Projected Gradient
Descent algorithm (with > 0) is an algorithm to solve this problem:

Fork=1,..., K -1,
Yrtr =z =V f (k)
Th+1 = TCYk+1
Return  f(zk) .

1. Prove that forallu e Cand 0 <t <1, ||z — (tu + (1 — t)mc2)|? = ||z — mez||??

2. Deduce from the previous question that

(u—mez, 2 —mez) <0 and  |mez — 2| + |lu — mez|)® < |lu — 2|

3. Assume that f is differentiable and convex. For any z,h € R% and t € [0, 1], define
F(t) = f(x+th).
Prove that F'(1) — F(0) > F'(0) and conclude that for all z,y € R,

fy) = @) = (Vf(2),y —x).

EXERCISE 2 (CONVERGENCE RATES FOR LIPSCHITZ CONVEX FUNCTIONS) Assume that C C
B(z1, R) and let z* be a minimizer of the optimization problem and define Zx = (z1+...+xk)/K. In this
section, we will prove that if ||V f(z)|| < L for all z € C, and n = R/(LVK), then

f(@r) = f(@%) <

RIS

1. Using Exercice 1 Question 3, prove that

* * 1 * *
flar) = f(27) < —(zk = yprr, 26 —27) = gIIVf(fwc)H2 * 5 (k= 2*[1* = llynss — 27[1%) -

[ =

2. Using Exercice 1 Question 2, prove that
K
1 o 0L lz = 2P
= —~ < o
3. Conclude.

EXERCISE 3 (CONVERGENCE RATES FOR STRONGLY CONVEX FUNCTIONS)  When the function f
is strongly convex, then the PGD converges much faster. Assume that f is a-strongly convex:

e
flx) = fy) < (VJ‘(CU)JC—ZD—§||ﬂﬂ—y||2 (1)
and that Vf is 8-Lipschitz. The aim of this section is to prove that, for n = 1/8,

lorcsr — 2| < [lag — ™2 e,



with p = /. Define
gz f (.%‘—ﬂ'c(l‘— ;Vf(:@)) .

The key of the proof is to obtain that, for all (z,y) € C2,
1 o
fa™) = fly) < {g(a),z —y) - ﬁllg(ff)ll2 =5l yll* (2)

where = mc(x — BTV f(2)).
1. Assume first that (2) holds. Prove the following (in)equalities:

. L 2 o
@rt1 — 2*)* = llag — 2*|* = Z{g(zp), 2 — %) + @Hg(ﬂfk)ﬂ2 ;

B

< (A= p)llae —2*|* < e — 27|

2. It remains to prove (2). With the mean value theorem, prove that
' B
fly) = f(x) = / (VI(@+ty —2),y —2)dt < (Vf(2),y —a) + Sy — 2l . 3)
0

3. Remind that 2™ = ¢ (2 — %Vf(x)) Using (1) and (3), check that
B
2

F@®) = fly) < (Vf(@), 2" =) + S lat =l + (Vf(2), 2 —y) - %lly — .

4. With Exercice 1 Question 2, prove that (Vf(z),z" —y) < (g9(z),z" —y) for all y € C.

5. Conclude that

F@) = £0) < {gla)at =) + g5lo@)? = Sy~ =P

I

~ {gla)z —1) = 55l9@I* = Sy~ ol



