1 Exercise

Let f : RY - R be a differentiable function and v, ¢ > 0. We consider the following algorithm:

Xp+1 = X =YV (Xp) + enpsr,
with (7;)k>1 being i.i.d. R%valued random variables such that E[n;] = 0 and E[||m||*] <
+00. We assume moreover, that i has a density ¢ : R — R.

Question 1.1. Write down P the Markov kernel of (X})

In the following, we will assume that Vf : R — R is L-Lipschitz continuous and that
this implies

Vey e R f(y) < f(@) +(VF@)y— o)+ ly—al®

Question 1.2. Show that this implies the existence of K > 0 such that for all z € R?,
2 L » 2
Pf(z) < f(2) =7V f@)" + 577 IVF@)II7 + K.

Assume moreover, that there is & > 0 such that ||V f(z)|* > 5= (f(z) — f*), where
f* = inf cpa f* (this happens for instance if f is strongly-convex).

Question 1.3. Show that there are values of (c,7) such that there is V : R? — [1,+00),
A€ (0,1) and b > 0 such that the drift inequality from the lecture notes (geometric ergodicity)
is true:

PV(z) < AV(z)+b

Question 1.4. What is a simple condition on V (related to f) and the law of 1 to ensure
that there is a unique invariant distribution 7 to which the law of X} converges exponentially
fast.

Answer
Question 1.1. Let i : R? — R a bounded function and A € B(RY) a borelian. It holds

E[h(X1)14(X0)] = E [1A<X0> [ #9506 + oty dy]

cRd
=F []IA(XO)Cld J y h(z)g((z — Xo + vV f(X0))/c) dz]
~ B[L4(Xo) [ h(:)P(Xo,d2)],

where we used the change of variable y — (z — X + 7V f(X0))/c in the penultimate equality
and where P(x,dz) = Cidg((z —x+yVf(z))/c)dz is the Markov kernel.

Question 1.2. It holds that
P(a) = B[ f(X0)] € Bl f(2) + (V@) X1 — )+ 5 X1 — ]
< (@) = BNV @)2) + 1eBalCf()m)) + SEl NV F(2) + emP)

L L
< f(@) =7 IV f@)* + 572Ex[HVf($)IIZ] + 502EI[H771|!2] ;
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where in the first inequality we have used the L-smoothness of V f, and in the last the fact
that 7, is of zero-mean. Since, E[||m1*] < K for some K < +0o0 the proof is finished.

Question 1.3. Using the inequality shown in the previous question we have:

P(f(x) = f*) = Pf(x) = f* < flx) = fF —~(1 - gv) IVf ()] + K .

If vy < %, then (1 — %7) > 0 and using the new "strongly-convex" inequality we obtain:

L

P(f(z) = f) < f@) = f* =21 = 59)(f(2) = f7) + K = A(f(z) = f*) + K,

with A = L~. Finally, defining V = f(z) — f* + 1, we obtain
PV(z)=P(f(x) = f*)+1<Mf(x) = fF )+ K+1<\V(z)+ K+1—-X=AV(x)+b,,
and so obtain we obtain such an inequality, for any ¢ > 0, v < %'y and V = f(x) — f* + L.

Question 1.4. To have geometric ergodicity we also need a minorizing condition: for any
d > 1, there is a measure v4 and €4 > 0 such that for any x € Cy := {x e R? : V(2) < d} it
holds that P(z,-) = cqvg.

Such a condition will be automatically satisfied if g, the density of 7, is continuous and Cy
is compact (for instance lim);| 4o f(7) = +00). Indeed, in that case:

1 1
Ve R, Ae BRY Pz, A) = df W((z=a+7V f(2))/c) dz > df inf g((z—a+yV f(2))/c) dz .
C" JzeA ¢ Jzeq 2eCuy
Denoting I(z) = infec, g((2 — x + vV f(z))/c) we have that I(z) > 0 by compactness of Cy.
Therefore, we can define v, as
l(z)dz
ve(dz) = —————
a(dz) Spal(2)dz
and we obtain

Ve e R, Ae BRY) Pz, A) = equg(A),

with g4 = W .
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